ABSTRACT Unlike the traditional analysis and synthesis approach of a switched system that requires a monotonic decrease of Lyapunov function (LF), this paper investigates an N -step-ahead LF approach. Such an approach allows a non-monotonic behavior both at the switching instants and during the running time of each subsystem but guarantees an average decrease at every N sampling steps. The asymptotic stability criterion is improved as well as the capability of disturbance attenuation. By introducing a series of auxiliary variables, the future knowledge of states and exogenous noises can be properly used to derive sufficient conditions for the existence of a robust H ∞ controller in the form of a set of numerical testable conditions. Note that N has direct impact on the number of inequality constraints. The essential difficulty is to construct an exponential damping law of the decreasing points of LF, i.e., to find the joint point between the switching interval and the predictive horizon. Moreover, the relationship between N -step time difference of LF and switching rate, i.e., the average dwell time constraint, is thoroughly discussed. An ecology system is employed to demonstrate practical potentials of the presented design framework.
I. INTRODUCTION
During the past decades, switched systems [1] , [2] have drawn an ever-increasing attention to the control community due to their wide applications in many fields. To name a few, dc/dc switching converters [3] , flight control [4] and network control systems [5] , etc. Generally, a typical switched system consists of a family of subsystems described by difference equations and a rule orchestrating the switching between them. It is worth mentioning that a new research trend in nowadays is to study the analysis and synthesis problem for nonlinear switched systems. For instance, the adaptive output-feedback control for a class of uncertain switched nonlinear stochastic systems in non-lower triangle form was investigated in detail [6] . Furthermore, a new adaptive approximation-based tracking controller design approach was developed in [7] by considering the output constraint.
As for switched systems, the switching law is crucial to the system dynamics, for example even for a switched system including two unstable sub-systems, we still could regulate it to be stable [8] . Therefore, it is desirable to develop an appropriate switching law to stabilize the system as well as achieve performance improving. To this end, average dwell time (ADT) switching [9] , [10] , which means that the number of switches in a finite interval is bounded and the average time between two consecutive switches is not less than a specified value, has been demonstrated to be a flexible and effective switching logic for stability analysis and controller synthesis. Many advanced results for switched system with ADT switching have been reported in existing literatures. The stability problem for switched positive linear systems was discussed in [11] and [12] proposed a systematic approach to the design of output-feedback switching linear parameter-varying (LPV) controllers with ADT switching. The fault detection and isolation problem was recently addressed in [13] for switched control systems in the presence of exogenous noise. In addition, combining the ADT switching method with Lyapunov function (LF) approach, [14] dealt with the model reduction problem for switched LPV systems by allowing the LF to increase at the switching instants. Taking a more practical phenomenon, i.e. the asynchronous switching, into account, [15] investigated the stability and H ∞ control problems of discrete-time switched systems and the mode-dependent full-order filtering was further designed in [16] , where the LFs are allowed a limited increase during the asynchronous mismatched period.
It is worth mentioning that ADT switching only allows the LF to increase at the switching instant and the asynchronous design places emphasis on the closed-loop synthesis, in which the maximum mismatched time need to be known apriori. Therefore, we believe a new analysis and synthesis approach that further considering the non-monotonic nature within each subsystem still has great research potential form the conservatism reduction point of view.
Some pioneering works of the non-monotonic LF have already been reported. The originality has come from the nonlinear and T-S fuzzy model. In order to reduce the conservatism of monotonic requirement [17] , local increase is allowed within each fuzzy rule, whereas the time-difference of the LF ultimately converges to zero. Two samples variation, i.e. V (x k+2 ) < V (x k ) [18] , and N samples variation, i.e. V (x k+N ) < V (x k ) [19] , were introduced to demonstrate the advantages of such a non-monotonic approach. Subsequently, a more general LF approach, [20] . Meanwhile, great efforts have been devoted to extending the nonmonotonic LF approach such that less conservative results can be obtained for various dynamical systems. For instance, based on two samples variation, observer-based fuzzy controller [21] and robust H 2 observer-based controller [22] were further introduced by combining with a parallel-distributed compensation scheme. By extending the N -step approach, new stabilizable conditions with further less conservatism were presented in [23] and [24] and a new guaranteed cost control design was also developed in [25] . Based on the fundamental work of [20] , the multistep LF approach was extended to a class of non-homogenous Markovian jump systems, which allows LF to increase during the period of several sampling time step ahead of the current time within the jump mode [26] . Similar method was adopted to reduce conservatism in H ∞ robust state feedback and output feedback controller design of T-S fuzzy systems [27] , [28] . Despite the popularity of the investigation on non-monotonic LF approach, the ADT switching mechanism has been largely overlooked due probably to the mathematical complexity, especially when the N -step ahead scenario is considered, which motivates our present research.
With above discussions, the aim of this paper is to solve the robust H ∞ control problem via an N -step ahead LF approach for discrete-time switched systems under the ADT design framework. Predictive horizon and switching interval [k l , k l+1 ] are considered to construct an exponential damping law of the decreasing points of LF. Numerical testable conditions are established under which the closed-loop system is asymptotically stable and achieves an optimized H ∞ attenuation level. The main contributions and novelty of this paper are summarized as follows:
1) The N -step ahead approach, i.e. V (x k+N ) − V (x k ) < 0 is introduced for switched systems with ADT switching. Therefore, the LF is allowed to increase both at the switching instant and within each subsystem, and the direct benefit is to enlarge the stability region.
2) The l 2 -gain is analyzed by moving the horizon from k + N − 1 to k step by step. Auxiliary matrices are introduced to avoid constructing large matrix inequalities instead of testing a set of linear matrix inequalities (LMIs). The simulation results demonstrates that our approach achieves better disturbance attenuation performance. 3) The relationship between the N -step time difference of LF and ADT constraint is thoroughly discussed, i.e. the switching must be gentle when we obtain advantages addressed in 1) and 2). The layout of the remainder is as follows. Section 2 briefly describes the system and problem formulation. By employing the N -step ahead LF approach, stability and l 2 -gain analysis are presented in Section 3. In section 4, the problem of robust H ∞ control is formulated. A practical example is given in Section 5 to demonstrate the potential of the proposed techniques and conclusions are drawn in Section 6.
Notations: Throughout this paper, the superscript T stands for matrix transposition, R n represents the n dimensional Euclidean space, l 2 [0, ∞] is the space of square summable infinite sequence and for ω = {ω(k)} ∈ l 2 [0, ∞], its norm is
is of class K for each fixed t 0 and β(s, t) decreases to 0 as t → ∞ for each fixed s 0. Symbol * is used in block matrices as an ellipsis for the symmetric terms. We let diag{· · · } stands for a block-diagonal matrix and P > 0(P 0) denote a positive definite (positive-semi definite) matrix. ℵ r 0 ,r {r 0 , · · · r}, where r 0 , · · · r ∈ Z + and Z + is the set of nonnegative integers.
II. SYSTEM DESCRIPTION AND PROBLEM FORMULATION
Consider a class of discrete-time uncertain switched systems given by:
where x k ∈ R n , u k , z k ∈ R p and ω k ∈ R q are the discrete state vector of the system, control input vector, the controlled output vector and disturbance input that belongs to l 2 [0, ∞] respectively. σ (k) is called a switching signal, which takes its values in the finite set ℵ 1,m . For each possible value of σ (k) = i, the constant matrices A i , B i , C i , B iω and D i are of appropriate dimensions and the uncertainties are assumed as VOLUME 5, 2017 the following form
where S i , H i and N i are known constant matrices of appropriate dimensions and
, is an unknown time-varying matrix function satisfying F T η F η < I . In this paper, the control input in system (1) is considered with u k = K i x k and K i is the controller gain that needs to be determined. For convenience, we setÃ
, and thus (1) can be rewritten as follows:
Now, we recall the definitions of asymptotically stability and ADT switching for system (1) along with a useful lemma for sequel development.
Definition 1:
[12] System (1) is said to be globally uniformly asymptotically stable (GUAS) under switching signal σ (k) if there exists KL function β such that the solution x k of the system satisfies
Definition 2: [14] For switching signal σ (k) and any The LF evolution under ADT switching via N -step ahead approach are depicted in Fig. 1 . We assume that the switching behavior is much slower than sampling. The values of LF at the switching instants k l−1 , k l are marked with green solid dots. Red solid dots are values of decreasing point within the subsystem in terms of N -step ahead approach. By observing Fig. 1 , it is clear that the ADT switching allows the LF to increase at the switching instants while the N -step ahead approach allows LF to increase within the subsystems.
III. STABILITY AND l 2 -GAIN ANALYSIS
In this section, via a class of N -step ahead LFs, the relaxed stability criterion and the minimal ADT constraint are first formulated for system (1) to be GUAS without considering uncertainty and disturbance. Then, l 2 -gian analysis is further investigated based on the stability results.
Theorem 1: Given constants 0 < α < 1 and µ > 1, the switched system (1) without uncertainties and disturbance is GUAS, if there exist a set of symmetric matrices Q i,f (f ∈ ℵ 1,N −1 ) and P i > 0 such that for N = 1,
for N = 2,
for N ≥ 3,
for all ∀i, j ∈ ,
and the ADT of the switching signal σ (k) satisfies
then the underlying system is GUAS. Proof: We consider a class of quadratic LF given by
Taking the N -step time difference of the above LF as follows
Let
Step 1: When N ≥ 3, adding and subtracting V i (x k+N −1 ) to and from (13), we have
If the condition (7) holds, then it results in
Step 2: Adding and subtracting V i (x k+N −2 ) to and from (17) , and bearing in mind that x k+N −1 = A i x k+N −2 , one has
If condition (8) holds for f = 2, then
Repeating the procedure N − 3 times, one has
Step 3: Adding and subtracting αV i (x k ) to and from (20) , employing x k+1 = A i x k , which yields
If the condition (9) holds, then the above inequality results in
replace N of Step 1 by 2 and then direct to Step 3, it is easy to infer (5) and (6) .
Similarly, when N = 1, performing step 3 directly and when the condition (4) holds, we can obtain that
Therefore, for all N ∈ Z + , the following condition
holds.
With the assumption that the switching behavior is much slower than sampling time step, we have
According to the condition (10), it holds that
By substituting (20) into (19), we obtain
If the ADT satisfies (11), one has
and the GUAS of system (1) without uncertainty and disturbance is established according to Definition 1. The proof is completed. Remark 1: Q i,f are introduced as auxiliary matrices such that large matrix inequalities can be avoided by constructing a set of LMIs, especially when dealing with l 2 -gian analysis. Note that there is no positive constraint on the Q i,f , therefore they can be viewed as slack variables to further reduce the conservatism of the stability criterion. Moreover, by observing the ADT constraint (11), it can be concluded that the increasing of number N can give a larger stability region along with a gentler requirement on the switching rate.
Remark 2: As can be seen in (23), due to the nonmonotonic nature, although LF does not decrease at every sampling time, it still has an average decrease on every N sampling step in an exponential sense. Therefore, a possible increase is allowed at several sampling steps ahead of the current time and a less conservative criterion can be expected. Now, by further invoking the non-monotonic LF addressed in the previous Theorem, the l 2 -gian analysis for system (1) without uncertainty is given in the following Theorem.
Theorem 2: Given some positive scalars 0 < α < 1 and µ > 1. If there exist scalar γ > 0, a set of symmetric matrices Q i,f (f ∈ ℵ 1,N −1 ) and symmetric positive matrix P i such that for N = 1,
for N = 2, 1 2
for N ≥ 3, VOLUME 5, 2017 and the ADT of the switching signal σ (k) satisfies
then the system (1) without uncertainty is GUAS with an l 2 -gian γ .
Proof: By observing (27)-(34), it is clear that Theorem 2 implies the GUAS.
Define the l 2 -gian index as
Next, we pay our attention to the l 2 -gian analysis.
Step 1: When N ≥ 3, adding and subtracting V i (x k+N −1 )
to and from (17), one gets 
It follows from the condition (30) that
Step 2: Then, adding and subtracting z T k+N −2 z k+N −2 − γ 2 ω T k+N −2 ω k+N −2 + V i (x k+N −2 ) to and from (38), and bearing in mind that x k+N −1 = A i x k+N −2 + B iω ω k+N −2 and z k+N −2 = C i x k+N −2 , one has
If the condition (31) hold for f = 2, it implies that
Repeating the procedure N − 3 times, we obtain that
Step 3: Adding and subtracting αV i (x k ) + z T k z k − γ 2 ω T k ω k to and from (41), employing x k+1 = A i x k , which yields
It holds from (32) that
For N = 2, performing
Step 1 and then direct to the Step 3, we can infer (43) from conditions (28) and (29) . For N = 1, implementing
Step 3 directly and if the condition (27) holds, we can obtain the condition (43). Then, taking the summation from k = −N + 1 to k = M on both sides of (43), we have
As M → ∞, it holds that
Due to the fact that N V i,∞ ≥ 0 and
holds, which means a prescribed disturbance attenuation level is obtained. The proof is completed
IV. ROBUST H ∞ CONTROL
In this section, we direct our attention to provide sufficient conditions for the existence of a robust state feedback H ∞ controller. Theorem 3: Given scalars 0 < α < 1 and µ > 1. If there exist a set of symmetric matrices Q i,f ( f ∈ ℵ 1.N −1 ), P i > 0, matrices G and M i of appropriate dimension, constant values ε i > 0 and γ > 0 such that for N = 1,
then under the controller u k = M i G −1 x k , the system (1) is robustly GUAS with an l 2 -gian γ . Proof: Considering the LF with symmetric matrices P i > 0 and a matrix G given by
Similar to the proof of Theorem 2 for N ≥ 3 and replacing V i (x k ) with the form of (55), we can obtain sufficient conditions for robust stability as
Performing the congruence transformation to 1 with diag{G T , I , I } and diag{G, I , I }, noting that −G T −G+P i ≤ −GP −1 i G T holds, setting M i = K i G and employing Schurs complement, one obtains Subsequently, (57), shown at the bottom of this page, can be decomposed as
VOLUME 5, 2017
By applying lemma 1, it follows from (58) that
where
, it directly implies that the condition (50) holds. Following the same lines of the proof of (50) we can prove that the controller obtained by (47)- (54) can guarantee the GUAS of system (1) with γ -disturbance attenuation level. The proof is completed.
V. ILLUSTRATIVE EXAMPLES
Example 1: Consider a switched linear system consisting of two subsystems as follows
.
By assigning µ = 2 and α = 0.1, Fig. 2 presents the stability regions in the plane (a, b). The stability regions of N -step ahead LF approach with the requirement N > 1 and N = 1(i.e. the LF approach commonly used under the existing ADT design framework) are drawn to make a simple comparison. It is quite clear to see that with the increasing of the number N, N -step ahead approach yields larger stability region. The ADT guaranteeing GUAS for N = 1, N = 2 , N = 3 and N = 4 can be solved as τ * a1 = 6.5788, τ * a2 = 13.1576, τ * a3 = 19.7364 and τ * a4 = 26.3153 respectively. It implies that when the monotonic requirements of LF are relaxed, the switching must be gentler. For N = 2, we choose a pair of (a, b) as (0, 0.7) within the stability region to plot the evolution of LF. As shown in Fig 3, the proposed approach reduce monotonic conservatism by allowing the LF to increase both at switching instants, which are marked with green circles, and during the subsystem. Fig, 4 . Obviously, our approach achieves better disturbance attenuation performance with increasing of the number N . Example 2: A modified population ecological system model borrowed from [29] is introduced as a practical background to illustrate the effectiveness of the H ∞ robust controller presented in Theorem 3 for N = 2. The differential equations for the population ecological system are as follows
where T i (i = 1, 2 ) denotes two types of population in switching environment E σ , σ = 1, 2. Y i is the number of individuals and α and Y i . Different from [29] , we consider the difference between immigration and emigration of T i as control input to system, i.e. u = I g,i − E g,i .
Set the quaternary (α can be obtained as Choosing µ = 2, α = 0.1, the initial state x 0 = [6000 1000] and exogenous disturbance ω k = 5e −0.2k . The simulation time is taken as 100 time unit, and each unit length is taken as T s = 2. By solving condition (54), the minimal ADT is obtained as τ * a = 13.1576. Then we generate the switching signal path randomly as shown in Fig. 6 , state trajectories of the system under control and without control are drawn with solid lines and dotted lines, respectively. It is clearly observed that the controlled system is GUAS and state trajectories are regulated to the equilibrium (4000, 4000), which satisfactorily demonstrate the robust controller design via our approach is effective.
VI. CONCLUSION
An N -step ahead LF approach has been proposed in this paper for analysis and synthesis of switched systems with ADT switching. Such a new design approach has effectively reduced the disadvantages of the existing monotonic LF method, therefore more relaxed stability and l 2 -gain results have been achieved. By taking the exogenous disturbance and norm-bounded uncertainties into consideration, a robust state feedback controller utilizing the aforementioned approach is further designed and successfully applied to an ecology system. A possible future study could be extending the present results to the switched systems with time-dely.
